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Abstract
Let F be a finite field with q elements and let g be a polynomial in F[X] with positive degree less than or
equal to q/2. We prove that there exists a polynomial f ∈ F[X], coprime to g and of degree less than g, such
that all of the partial quotients in the continued fraction of g/f have degree 1. This result, bounding the size
of the partial quotients, is related to a function field equivalent of Zaremba’s conjecture and improves on a
result of Blackburn [S.R. Blackburn, Orthogonal sequences of polynomials over arbitrary fields, J. Number
Theory 6 (1998) 99–111]. If we further require g to be irreducible then we can loosen the degree restriction
on g to deg(g) q.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
A conjecture of Zaremba states that, for all positive integers m  2 there exists an integer
1 a < m such that all of the partial quotients in the continued fraction of a/m are less than or
equal to 5. This has been proved for m being a power of 2, 3 and 5 by Niederreiter [3] and for m
being a power of 6 by Yodphotong and Laohakosol [7]. The general case remains a conjecture.
We are interested in a version of Zaremba’s conjecture that would apply to rational functions
over finite fields. This has been investigated by Niederreiter [4], Mesirov and Sweet (in the char-
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186 C. Friesen / Journal of Number Theory 126 (2007) 185–192acteristic 2 case) [2] and more recently by Blackburn [1]. Let F be a finite field. Following the
notation of Niederreiter [4] we define K(f/g) to be the maximum degree of the partial quotients
in the continued fraction of f/g where f,g ∈ F[X]. We might be tempted to translate Zaremba’s
conjecture to the case of rational functions over finite fields by saying that, for all polynomi-
als g ∈ F[X] with deg(g)  1 there must exist a polynomial f ∈ F[X], coprime to g, so that
K(f/g) 5 but a stronger conjecture may hold. Excluding only the case where |F| = 2, Black-
burn concludes his paper [1] by wondering if it could be true that for every polynomial g ∈ F
there exists a polynomial f such that K(f/g) = 1. It should be noted, however, that Blackburn,
who pursued his investigations with an eye to badly approximable functions, phrased his query
using the language of orthogonal multiplicity. For our purposes, to say that g has positive or-
thogonal multiplicity is equivalent to saying that there is a polynomial f such that K(f/g) = 1
which means, as we shall see in Section 2, that there is a polynomial f such that K(g/f ) = 1.
One of the two major results of Blackburn’s paper [1] is the following theorem: Let d be
a positive integer. Let F be a field such that |F|  12d(d + 1). Then every monic polynomial
f ∈ F[X] of degree d has positive orthogonal multiplicity.
We shall improve upon the bound above (effectively replacing 12d(d + 1) by 2d) in the fol-
lowing result:
Theorem 1. Let F be a finite field. Let g ∈ F[X]. If 0 < deg(g) 12 |F | then there is a polynomial
f ∈ F[X], coprime to g and of degree less than g, such that all the partial quotients of the
continued fraction of g/f have degree 1.
If we restrict our attention to those polynomials g that are irreducible then we can loosen the
restriction on the size of the polynomial by a factor of 2.
Theorem 2. Let F be a finite field. Let g ∈ F[X] be an irreducible polynomial. If 0 <
deg(g)  |F | then there is a polynomial f ∈ F[X], coprime to g and of degree less than g,
such that all the partial quotients of the continued fraction of g/f have degree 1.
2. Preliminaries
Readers interested in an overview of basic results concerning continued fractions are referred
to works of Perron [5] and van der Poorten [6]. We will recreate, in the context of our function
fields, only a few facts which we shall need later on. Fix F to be a finite field with q elements and
let X be an indeterminate. Let A0,A1, . . . ,Ak ∈ F[X] be polynomials of positive degree, with
the possible exception of A0. We write [A0,A1, . . . ,Ak] as shorthand for the continued fraction
A0 + 1/(A1 + 1/(A2 + · · · + 1/Ak)).
If P,Q ∈ F[X] are polynomials with gcd(P,Q) = 1 and deg(Q) 1 then P/Q has a unique
continued fraction [A0,A1, . . . ,Ak] with A0,A1, . . . ,Ak ∈ F[X] and deg(Ai) 1 for 1 i  k.
The partial quotients, Ai , can be determined by iteratively applying the division algorithm.
Definition 1. Define Pi and Qi by P−1 = 1, P0 = A0 and Pi+1 = Ai+1Pi + Pi−1 and Q−1 = 0,
Q0 = 1 and Qi+1 = Ai+1Qi +Qi−1. Then Pi/Qi = [A0,A1, . . . ,Ak] where the right-hand side
of the equation is the unique continued fraction expansion of Pk/Qk .
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(
Pk Qk
Pk−1 Qk−1
)
=
(
Ak 1
1 0
)(
Ak−1 1
1 0
)(
Ak−2 1
1 0
)
· · ·
(
A0 1
1 0
)
and transposing the matrix results in
(
Pk Pk−1
Qk Qk−1
)
=
(
A0 1
1 0
)(
A1 1
1 0
)
· · ·
(
Ak−1 1
1 0
)(
Ak 1
1 0
)
.
Examining the determinants in the above expression shows that Pk−1Qk −PkQk−1 = (−1)k .
Lemma 1. If gcd(P,Q) = 1 = gcd(R,S) with deg(P ) > deg(Q) and deg(R) > deg(S) and if
P/Q = [A0,A1, . . . ,An] and R/S = [B0,B1, . . . ,Bk] then there is a polynomial V ∈ F[X] such
that [An, . . . ,A1,A0,B0,B1, . . . ,Bk] = U/V where gcd(U,V ) = 1 and U = PQ + RS.
Proof. Let U/V = [An, . . . ,A1,A0,B0,B1, . . . ,Bk]. Then
(
U ?
V ?
)
=
(
An 1
1 0
)
· · ·
(
A0 1
1 0
)(
B0 1
1 0
)
· · ·
(
Bk 1
1 0
)
=
(
P Q
? ?
)(
R ?
S ?
)
=
(
PR + QS ?
? ?
)
where we use ? to represent quantities of no immediate interest to us. Since the discriminant of the
above matrix is ±1 it follows that gcd(U,V ) = 1. Note that the hypotheses deg(P ) > deg(Q) and
deg(R) > deg(S) serve to ensure that A0 and B0 were non-zero and therefore that our resulting
continued fraction has proper form. This concludes the proof. 
Definition 2. For P,Q ∈ F[X] with gcd(P,Q) = 1 and P
Q
= [A0,A1, . . . ,Ak], define K(P/Q)
as max(deg(Ai)), 0 i  k.
Let f/g = [A0,A1,A2, . . . ,Ak]. The reciprocal has a related continued fraction, namely:
g/f = [0,A0,A1,A2, . . . ,Ak] if A0 = 0,
g/f = [A1,A2, . . . ,Ak] if A0 = 0.
From the above it is clear that K(f/g) = K(g/f ).
Lemma 2. Let F be a finite field. Define q = |F| and let k be a positive integer. The number of
fractions of the form g/f with deg(f ) < deg(g) = k and gcd(f, g) = 1 is (q − 1)q2k−1.
Proof. The total number of ways of breaking k into an ordered sum of n positive integers is
given by the binomial coefficient
(
k−1
n−1
)
and there are exactly (q − 1)qd polynomials of de-
gree d . It follows that there are
(
k−1
n−1
)
(q − 1)nqk ordered sets of positive degree polynomials
{A0,A1, . . . ,An−1} such that ∑n−1i=0 deg(Ai) = k. Each such set defines, through the continued
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conditions. We finish the proof by summing over all possible values of n:
k∑
n=1
(
k − 1
n − 1
)
(q − 1)nqk = (q − 1)qk
k∑
n=1
(
k − 1
n − 1
)
(q − 1)n−1 = (q − 1)q2k−1. 
Lemma 3. Let F be a finite field and k a non-negative integer. Define q = |F| and choose positive-
degree polynomials A0,A1, . . . ,Ak ∈ F[X]. Define d = ∑ki=0 degAi . Select g ∈ F[X] with
deg(g) = n  2d . Then there are exactly qn−2d polynomials f ∈ F[X] with deg(f ) < deg(g)
such that g/f has a continued fraction expansion that begins with [A0,A1, . . . ,Ak, . . .].
It is important to note that the f that we obtain here need not be coprime to g.
Proof. Let α,β be the coprime polynomials defined by α/β = [Ak,Ak−1, . . . ,A1,A0]. It is clear
that deg(α) =∑ki=0 deg(Ai) = d . Consider the solutions (μ,ρ) to the equation g = αμ + βρ.
Since gcd(α,β) = 1 there must exist solutions to this equation and all solutions are given by the
parametrization (μ,ρ) = (μ0 + Tβ,ρ0 − T α) for T ∈ F[X] where (μ0, ρ0) is any given solu-
tion. We may choose (μ0, ρ0) with ρ0 of minimal degree, satisfying deg(ρ0) < deg(α) = d . Since
deg(β) =∑k−1i=0 deg(Ai) = deg(α) − deg(Ak) < d it follows that deg(βρ0) < d + d  deg(g).
From this we see that deg(g) = deg(αμ0 + βρ0) = deg(αμ0) = d + deg(μ0) and therefore
deg(μ0) = n − d .
Let D = gcd(μ,ρ) and write μ = Dμ˜ and ρ = Dρ˜ where gcd(μ˜, ρ˜) = 1. Then every
choice of polynomial T leads to a unique combination of D and a continued fraction μ˜/ρ˜ =
[B0,B1, . . . ,Bj ].
It will be necessary to ensure that deg(B0) > 0 before applying Lemma 1. This is equiva-
lent to the condition that deg(μ) > deg(ρ). If T = 0 then deg(ρ) = deg(ρ0) < d  n − d =
deg(μ0) = deg(μ) and we are done. If T = 0 then, having chosen ρ0 of minimal degree, we
see that deg(ρ) = deg(ρ0 − T α) = deg(T α) = deg(T ) + d . Since deg(α) > deg(β) and since
we wish to have deg(μ) > deg(ρ) it follows from n = deg(g) = deg(αμ + βρ) that we need
deg(μ) = n − d > deg(ρ). Thus the condition deg(μ) > deg(ρ) is equivalent to the requirement
that deg(T ) < n − 2d , which is true of exactly qn−2d choices of polynomial T .
We conclude that there are qn−2d pairs of polynomials (μ,ρ) = (Dμ˜,Dρ˜) such that
g/D = g˜ = αμ˜ + βρ˜ and where μ˜/ρ˜ = [B0,B1, . . . ,Bj ] for some positive integer j and some
positive-degree polynomials B0,B1, . . . ,Bj . It follows from Lemma 1 that [A0,A1, . . . ,Ak,B0,
B1, . . . ,Bj ] = g˜/f˜ for some polynomial f˜ coprime to g˜ and satisfying deg(f˜ ) < deg(g˜). Let
f = Df˜ to see that g/f = [A0,A1, . . . ,Ak,B0,B1, . . . ,Bj ] as required. 
Corollary 3. Let F be a finite field and k a non-negative integer. Define q = |F| and choose
positive-degree polynomials A0,A1, . . . ,Ak ∈ F[X]. Define d =∑ki=0 degAi . Select g ∈ F[X]
with deg(g) = n  2d . Then there are exactly qn−2d polynomials f ∈ F[X] with deg(f ) <
deg(g) such that g/f has a continued fraction expansion that ends with [. . . ,A0,A1, . . . ,Ak].
Before beginning with the proof, we remark that, as was the case in the previous lemma, the
polynomials f that are obtained here are not necessarily coprime to g.
Proof. From the lemma above we know that there are qn−2d polynomials f ∈ F[X] with
deg(f ) < deg(g) such that g/f has a continued fraction expansion that begins with [Ak, . . . ,
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Then g/f = g˜/f˜ = [Ak, . . . ,A1,A0,B0,B1, . . . ,Bj ] and
(
Ak 1
1 0
)
· · ·
(
A1 1
1 0
)(
A0 1
1 0
)(
B0 1
1 0
)(
B1 1
1 0
)
· · ·
(
Bj 1
1 0
)
=
(
g˜ x˜
f˜ y˜
)
for some polynomials x˜ and y˜. Taking the transpose gives
(
g˜ f˜
x˜ y˜
)
=
(
Bj 1
1 0
)
· · ·
(
B1 1
1 0
)(
B0 1
1 0
)(
A0 1
1 0
)(
A1 1
1 0
)
· · ·
(
Ak 1
1 0
)
.
Since all of the partial quotients have positive degree we see that deg(x˜) < deg(g˜). Letting
x = Dx˜ gives g/x = g˜/x˜ = [Bj , . . . ,B0,A0,A1, . . . ,Ak]. This demonstrates that there is a 1-1
correspondence between the set of polynomials f such that the continued fraction of g/f begins
with a specified set of partial quotients and the set of polynomials x such that the continued frac-
tion of g/x ends with those specified partial quotients in reverse order. Our desired conclusion
follows. 
Definition 3. Let g ∈ F[X] have positive degree. Define Φ(g) as the number of polynomials f
such that degf < degg and gcd(f, g) = 1.
Note: If P is an irreducible polynomial of positive degree d then there are qd − 1 polyno-
mials of lesser degree that are coprime to P , so Φ(P ) = qd − 1. It is also clear that Φ(Pn) =
(qd − 1)q(n−1)d for P irreducible. Since Φ is a multiplicative function and (qd − 1)q(n−1)d 
(q − 1)nd we obtain the inequality Φ(g) (q − 1)deg(g) which we shall make use of in the next
section.
3. Proofs of the main results
We are now prepared to prove the two main theorems of this paper. The key idea is to show
that there must exist a polynomial, f , coprime to g, such that the continued fraction for g/f has
both the front half (the first k partial quotients) and the back half (the last k partial quotients)
made up only of linear polynomials.
Theorem 1. Let F be a finite field. Let g ∈ F[X]. If 0 < deg(g) 12 |F | then there is a polynomial
f ∈ F[X], coprime to g and of degree less than g, such that all the partial quotients of the
continued fraction of g/f have degree 1.
Proof. Let q = |F|. We begin with the case where g has even degree: deg(g) = 2k  q/2. Con-
sider any of the (q−1)kqk k-tuples of linear polynomials (A0,A1, . . . ,Ak−1). By Lemma 3, each
such k-tuple is the first part of the continued fraction expansion of g/f for exactly one polyno-
mial f of degree less than g. It follows that there are q2k − (q − 1)kqk = qk(qk − (q − 1)k)
polynomials f , of degree less than 2k, such that the continued fraction of g/f does not be-
gin with at least k linear partial quotients. Using Corollary 4 we similarly note that there are
qk(qk − (q − 1)k) polynomials f , of degree less than 2k, such that the continued fraction of g/f
does not end with at least k linear partial quotients. There are also q2k − Φ(g) polynomials f ,
of degree less than 2k, that are not coprime to g. Removing these three sets from the set of all
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polynomials f of the kind required by the theorem. That quantity is positive if we have
2qk
(
qk − (q − 1)k)< Φ(g). (1)
Since
Φ(g) = qdeg(g)
∏
prime p|g
(
1 − 1
qdeg(p)
)
 (q − 1)2k,
it will suffice to show that 2qk(qk − (q −1)k) < (q −1)2k . We may rewrite the desired inequality
as (1 − 1
q
)2k + 2(1 − 1
q
)k − 2 > 0. We verify that
(
1 − 1
q
)2k
+ 2
(
1 − 1
q
)k
− 2 > 1 − 2k
q
+ 2 − 2k
q
− 2 = 1 − 4k
q
 0
since deg(g) 12 |F| implies that k  q/4.
We continue our proof with the case where g has odd degree. Let deg(g) = 2k + 1  q/2.
Consider any of the (q −1)kqk k-tuples of linear polynomials (A0,A1, . . . ,Ak−1). By Lemma 3,
each such k-tuple is the first part of the continued fraction expansion of g/f for exactly q poly-
nomials f with deg(f ) < 2k + 1. It follows that there are q2k+1 − (q − 1)kqk+1 = qk+1(qk −
q(q − 1)k) polynomials f , of degree less than 2k + 1, such that the continued fraction of g/f
does not begin with at least k linear partial quotients. Using Corollary 4 we similarly note that
there are qk+1(qk − (q − 1)k) polynomials f , of degree less than 2k, such that the continued
fraction of g/f does not end with at least k linear partial quotients. Note that if the first k terms
in the continued fraction g/f are linear and if the last k are linear then there must be one more
partial quotient in the middle that must be linear since
∑
i deg(Ai) = deg(g). There are also
q2k+1 − Φ(g) polynomials f , of degree less than 2k + 1, that are not coprime to g. Removing
the three sets above from the set of all polynomials f of degree less than 2k + 1 gives us at
least q2k+1 − 2qk+1(qk − (q − 1)k)− (q2k+1 −Φ(g)) polynomials f of the required kind. That
quantity is positive if and only if we have
2qk+1
(
qk − (q − 1)k)< Φ(g). (2)
Since Φ(g)  (q − 1)2k+1 it would be enough to show that (q − 1)2k+1 − 2qk+1(qk −
(q − 1)k) 0. We rewrite the desired inequality as (1 − 1
q
)2k+1 + 2(1 − 1
q
)k − 2 > 0 and verify
that
(
1 − 1
q
)2k+1
+ 2
(
1 − 1
q
)k
− 2 > 1 − 2k + 1
q
+ 2 − 2k
q
− 2 = 1 − 4k + 1
q
> 0
because of our hypothesis that 2k + 1 q/2. 
In the language of orthogonal sequences of polynomials, such as was used by Blackburn [1],
our theorem becomes
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f ∈ F[X] of degree d has positive orthogonal multiplicity.
It is possible for us to cut the lower bound, on the size of the polynomials g, in half if
we restrict ourselves to irreducible polynomials g. We shall conclude the paper by proving, as
promised in the introduction, the theorem below.
Theorem 2. Let F be a finite field. Let g ∈ F[X] be an irreducible polynomial. If 0 <
deg(g)  |F | then there is a polynomial f ∈ F[X], coprime to g and of degree less than g,
such that all the partial quotients of the continued fraction of g/f have degree 1.
Proof. Let |F| = q . The theorem is trivially true when deg(g) = 1 as one may choose f = 1. We
next isolate the special case where q = 2 and deg(g) = 2. There is only irreducible polynomial
of degree 2 that is possible, namely g = X2 +X+1. Choosing f = X gives us g/f = [X+1,X]
and we have shown the theorem holds for this case.
If deg(g) = 2k then we follow through with the proof of Theorem 1 until we arrive at Eq. (1)
where we replace Φ(g) with its value, q2k − 1 and divide both sides by 2q2k to get the inequality
we wish to verify, namely
(
1 − 1
q
)k
>
1
2
+ 1
2q2k
. (3)
Looking to the case where deg(g) = 2k + 1 and Φ(g) = q2k+1 − 1 we use Eq. (2) to arrive at the
following inequality which we need to prove:
(
1 − 1
q
)k
>
1
2
+ 1
2q2k+1
. (4)
Since Eq. (3) will imply Eq. (4) we only need prove the former. If k = 1 and q  3 then Eq. (3)
obviously holds, as it does also when k = 2 and q  4. We now treat k  3 and q  6. Recall that
k  q/2. Then we finish by expanding the left-hand side out to the first four terms to see that
(
1 − 1
q
)k

(
1 − 1
2k
)k
 1 − k
2k
+ k(k − 1)
8k2
− k(k − 1)(k − 2)
48k3
= 1
2
+ 5
48
− 1
16k
− 1
48k2
>
1
2
+ 1
2 · 66 >
1
2
+ 1
2q2k
since k  3. 
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